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TWISTED ORBIFOLD K-THEORY
ALEJANDRO ADEM AND YONGBIN RUAN
Abstract. We use equivariant methods to define and study the orbifold K-theory of
an orbifold X . Adapting techniques from equivariant K-theory, we construct a Chern
character and exhibit a multiplicative decomposition for K∗
orb
(X) ⊗ Q, in particular
showing that it is additively isomorphic to the orbifold cohomology of X . A number of
examples are provided. We then use the theory of projective representations to define
the notion of twisted orbifold K–theory in the presence of discrete torsion. An explicit
expression for this is obtained in the case of a global quotient.
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1. Motivation
During the last twenty years, one major trend has been the constant flow of physical
ideas into mathematics. Although many of them have had a significant impact, there
are still many others which deserve more attention from mathematicians. Orbifold string
theory is such an example: it has been around in physics since 1985; compared to its
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popularity in physics, its influence in mathematics is minimal. This project represents an
effort to change this picture.
First, let us give a brief introduction to orbifold string theory aiming to explain its
mathematical content. In the end, we hope that it will become clear why we have to
study orbifold K-theory. In 1985, Dixon-Harvey-Vafa-Witten [15] discovered that on a
singular manifold such as an orbifold one can also build a smooth consistent string theory.
One of the remarkable insights of orbifold string theory is that its consistency demands
the introduction of so called twisted sectors. In another words, ordinary cohomology is
the wrong theory for orbifolds; the correct one seems to be orbifold cohomology, which
has been constructed by Chen-Ruan [12]. Orbifold cohomology (not ordinary cohomol-
ogy) should fulfill the role of cohomology for smooth manifolds. Moreover, on smooth
manifolds, orbifold cohomology is the same as ordinary cohomology.
One of the original motivations of orbifold string theory is to capture the information of
its crepant resolution (see [19] page 126 for definitions). In fact, it is generally believed that
orbifold string theory is equivalent to the ordinary string theory of its crepant resolution
in some fashion. More precisely, one can associate a super conformal field theory to each
3-dimensional Calabi-Yau orbifold or smooth manifold. The orbifold super conformal field
theory and ordinary super conformal field theory of its crepant resolution appear to be
two members of a family of superconformal field theories. To explore its mathematical
implications, it is useful to consider its low energy effective theory. Low energy effective
theory is parameterized by the moduli space of vacua. At each vacuum, one can associate
the orbifold cohomology (for the orbifold case) or ordinary cohomology (for the smooth
case). Then there is a natural metric on orbifold cohomology corresponding to Poincare´
duality. After quantization, the metric is corrected by the quantum corrections given by
orbifold quantum cohomology (see [13]).
To compare the theory at an orbifold point with that of its crepant resolution, one has to
consider the variation of low energy effective theory as we vary the point of moduli space
of superconformal field theory. It is known that the orbifold points are often singularities.
Its monodromy could interchange H1,1 and H2,2. Therefore, there is no hope to preserve
the grading of orbifold cohomology. However, it still preserves the parity. This naturally
leads to the concept of orbifold K-theory 1 which we shall define in section 4. In this
context, a natural conjecture arising from orbifold string theory is
1Throughout this paper we shall be dealing exclusively with (equivariant) complex K–theory, i.e. the
generalized cohomology theory arising from complex vector bundles
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K-Orbifold String Theory Conjecture: There is a natural additive isomorphism
between orbifold K-theory and the ordinary K-theory of its crepant resolution.
Another physical motivation comes from the recent discovery in physics that the D-
brane charge of an ordinary string theory is described by the K-theory of its underlying
smooth manifold. For orbifold string theory, it is obvious that the orbifold D-brane charge
should be described by our orbifold K-theory.
An obvious definition of orbifold K-theory is the K-theory associated to orbifold vector
bundles. However, to be a correct definition for our purposes, we have to obtain at
least an additive isomorphism to orbifold cohomology. It is well-known that any reduced
orbifold can be expressed as the quotient of a smooth manifold by an almost free action
of a compact Lie group (see section 2). Therefore, we will use methods from equivariant
topology to provide an effective K-theoretic approach to orbifolds. In particular, using an
appropriate equivariant Chern character we obtain a decomposition theorem for orbifold
K-theory as a ring, and we show that it is additively isomorphic to orbifold cohomology.
A nice by-product of our orbifold K-theory is a natural notion of orbifold Euler number
for a general orbifold. In the context of orbifold cohomology, it only makes sense for
SL-orbifolds, where the local group is a finite subgroup of SL(n, C).
In order to compare orbifold K-theory with orbifold cohomology, we make use of equi-
variant Bredon cohomology with coefficients in the representation ring functor. This
equivariant theory is the natural target for Chern characters and with real coefficients is
additively isomorphic to orbifold cohomology. It can however be defined with very general
coefficients and hence seems to be an important technical device for the study of orbifolds.
Orbifold K-theory has a different and interesting ring structure. It suggests that orbifold
K-theory should be interesting in its own right, and not just orbifold cohomology with
a Z/2 grading. This is indeed the case for several reasons. For example, orbifold K-
theory (not orbifold cohomology) is the natural set-up for index theory. There is also
an indication that orbifold K-theory behaves better algebro-topologically than orbifold
cohomology. In [13], Chen-Ruan introduced the notion of a “good map” to replace a
traditional orbifold map as an appropriate map between orbifolds. We shall refer to these
as orbifold morphisms ; an equivalent notion appreared previously in [26]. From their
definition it is not hard to see that an orbifold morphism is natural with respect to orbifold
K-theory and that it induces a ring homomorphism on orbifold K-theory. In contrast, such
a naturality property is far more subtle and unknown for orbifold cohomology.
A key physical concept of orbifold string theory is the twisting by discrete torsion. In
a cohomological context, it motivated the construction of twisted orbifold cohomology
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[29]. Another important goal of this paper is to introduce twisting for orbifold K-theory.
For twisted orbifold cohomology, the second author introduced the more general notion
of an “inner local system” to twist orbifold cohomology. We do not know how to twist
orbifold K-theory in such a generality; here, we restrict ourselves to the use of discrete
torsion. We introduce twisted orbifold K-theory using an explicit geometric model. In
the case when the orbifold is of the form X = Y/G, where G is a finite group, then
our construction can be understood as a twisted version of equivariant K-theory, where
the twisting is done using a fixed element α ∈ H2(G, S1). The basic idea is to use
the associated central extension, and to consider equivariant bundles with respect to
this group which cover the G–action on Y . A computation of the associated twisted
theory can be explicitly obtained (over the complex numbers) using ingredients from the
classical theory of projective representations. In fact, we define a bigraded ring denoted
the total twisted K-theory which is parametrized over all discrete torsion elements. This
construction seems to be of independent interest.
More generally we can define a twisted orbifold K-theory associated to the universal
orbifold cover; in this generality it can be computed in terms of twisted Bredon cohomol-
ogy. This can be understood as the E2–term of the twisted version of a spectral sequence
converging to twisted orbifold K-theory, where in all known instances the higher differ-
entials are trivial in characteristic zero (this is a standard observation in the case of the
Atiyah–Hirzebruch spectral sequence). In particular, we obtain an additive isomorphism
between our twisted orbifold K-theory and twisted orbifold cohomology for the case of
global quotients.
It remains to relate our construction to other forms of twisting for K-theory (such
as that described in [41]). For ”good” orbifolds, a twisted version of K-theory has been
studied by Marcolli-Mathai [25] using C∗ algebras. However, we would like to remark that
the connection from geometric K-theory to algebraic K-theory of C∗ algebras breaks down
for non-reduced orbifolds, where an orbifold bundle does not have any nonzero section in
general.
The second author would like to thank R. Dijkgraaf, W. Wang, E. Witten and E. Zaslow
for many stimulating discussions.
2. Orbifolds and Group Actions
Our basic idea to study orbifold K-theory is to apply methods from equivariant topology.
In this section, we collect some basic properties of orbifolds and describe how they relate
to group actions. For the reader’s convenience, we include a definition of an orbifold and
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of orbifold vector bundles. One can find more details and alternative definitions in [13].
The notion of an orbifold was first introduced by Satake in [32], where a different name,
V -manifold, was used. Satake’s V-manifold corresponds to a reduced orbifold in our case.
Definition 2.1. An orbifold structure on a Hausdorff, separable topological space X is
given by an open cover U of X satisfying the following conditions:
• (2.1.1a) Each element U inU is uniformized, say by (V,G, pi). Namely, V is a smooth
manifold and G is a finite group acting smoothly on V such that U = V/G with pi
as projection map. Let ker G be the subgroup of G acting trivially on V .
• (2.1.1b) If U ′ ⊂ U , then there is a collection of injections (V ′, G′, pi′) → (V,G, pi).
Namely, the inclusion i : U ′ ⊂ U can be lifted to maps i˜ : V ′ → V and an injective
homomorphism i# : G
′ → G such that i# is an isomorphism from ker G
′ to ker G
and i˜ is i#-equivariant.
• (2.1.1c) For any point p ∈ U1 ∩ U2, U1, U2 ∈ U, there is a U3 ∈ U such that
p ∈ U3 ⊂ U1 ∩ U2.
.
For any point p ∈ X , suppose that (V,G, pi) is a uniformizing neighborhood and p¯ ∈
pi−1(p). Let Gp be the stabilizer of G at p¯. Up to conjugation, it is independent of the
choice of p¯ and called the local group of p.
Definition 2.2. We call X a reduced orbifold if Gp acts effectively for all p ∈ X .
It is well-known that if a compact Lie group G acts smoothly and effectively on a
manifold M with finite stabilizers (isotropy subgroups), then M/G is a reduced orbifold.
More generally, X =M/G is an orbifold for any smooth Lie group action G if the following
conditions are satisfied:
(2i) For any x ∈ M the isotropy subgroup Gx is finite (this is what we will call an
almost free G–action).
(2ii) For any x ∈M there is a smooth slice Sx at x.
(2iii) For any two points x, y ∈ M such that y /∈ Gx, there are slices Sx and Sy such
that GSx ∩GSy = ∅.
If G is compact, an almost free G-action automatically satisfies (2ii), (2iii). Examples
arising from proper actions of discrete groups will also appear in our work.
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Conversely, we do not know if every orbifold can be expressed as a quotient of a smooth
manifold by an almost free action of a Lie group. We call such an orbifold a quotient
orbifold.2 It is well-known that every reduced orbifold is a quotient:
Proposition 2.3. Let X denote an n–dimensional reduced orbifold. There exists a smooth,
effective, almost free G = O(n) action on a smooth manifold M such that the quotient
space M/G is naturally isomorphic as an orbifold to X.
In other words we can think of any reduced orbifold as the quotient of a manifold under
a certain G = O(n) action. An explicit construction for M is the so-called frame bundle
over X , described as follows. We can choose an orbifold Riemannian metric on X and
consider the frame bundle PX of the metric. When X is reduced, PX is a smooth manifold.
Indeed if (V,Gx) is a local chart for X at x, then above it we have the manifold V ×Gx G,
and the quotient by the right G action gives V/Gx. From our point of view the above can
be interpreted as saying that the category of reduced orbifolds can be embedded in the
category of smooth O(n)–manifolds with the three properties mentioned above; a section
is obtained by taking O(n) orbit spaces.
It is not hard to show that if M/G is a quotient orbifold, then there exists a group
extension 1→ G0 → G→ Geff → 1 where G0 is a finite group which is the kernel of the
action (i.e. G0 acts trivially on M) and Geff acts effectively on M . Hence we see that
we can associate a canonical reduced orbifold, Xred = M/Geff , to any quotient orbifold
X =M/G.
We will assume for simplicity that our orbifolds are compact. In the case of quotient
orbifolds M/G with G a compact Lie group, this is equivalent to the compactness of M
itself (see [10], page 38); a fact which we will make use of.
Next we recall the notion of the singular set of an orbifold and its resolution.
Definition 2.4. Given an orbifold X , its singular set, ΣX consists of the set of points
p ∈ X such that the local group Gp 6= 1. The orbifold resolution of the singular set is
defined as Σ˜X = {(p, (g)Gp) | p ∈ ΣX, 1 6= g ∈ Gp}, where (g)Gp denotes the conjugacy
class of g in Gp.
Note that we have a map Σ˜X → X , (p, (g)) 7→ p. It turns out that Σ˜X is naturally
an orbifold, which is not necessarily connected. Later we shall see that invariants of an
orbifold X can be expressed in terms of topological invariants of its orbifold resolution.
2Traditionally orbifolds of the form M/G, where G is a finite group acting smoothly on a manifold M
have been called global quotients, we will adhere to this.
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In order to apply methods from algebraic topology in the study of orbifolds, we recall a
well known result about manifolds with smooth actions of compact Lie groups (see [17]):
Theorem 2.5. If a compact Lie group G acts on a smooth, compact manifold M , then
the manifold is triangulable as a finite G–CW complex.
Hence any such manifold will have a cellular G action such that the orbit space X/G
has only finitely many cells.
We recall the notions of an orbifold vector bundle and of an orbifold morphism.
Definition 2.6. An orbifold vector bundle over an orbifold X consists of the following
data: A compatible cover U of X such that for any injection i : (V ′, G′, pi′) → (V,G, pi),
there is a continuous map gi : V
′ → Aut(Ck) giving an open embedding V ′×Ck → V ×Ck
by (x, v)→ (i(x), gi(x)v), and for any composition of injections j ◦ i, we have
(2.1.2) gj◦i(x) = gj(i(x)) ◦ gi(x), ∀x ∈ V.
Two collections of maps g(1) and g(2) define isomorphic bundles if there are maps δV :
V → Aut(Ck) such that for any injection i : (V ′, G′, pi′)→ (V,G, pi), we have
(2.1.3) g
(2)
i (x) = δV (i(x)) ◦ g
(1)
i (x) ◦ (δV ′(x))
−1, ∀x ∈ V ′.
Since (2.1.2) behaves naturally under constructions of vector spaces such as tensor
product, exterior product, etc. we can define these constructions for orbifold vector
bundles. Suppose that X = M/G as defined previously and that E → M is a G-
equivariant bundle. Then, E/G→ X is an orbifold vector bundle.
Recall that if p : X → Y is a continuous map and E is a vector bundle over Y , then
p∗E is a vector bundle over X . This naturality property breaks down for orbifold maps.
This suggests that orbifold map is a bad notion. One should replace it by a “good” map,
as introduced by Chen-Ruan [13], which we prefer to call an orbifold morphism.3
Definition 2.7. Let f˜ : X → X ′ be a C∞ map between orbifolds X and X ′ whose
underlying continuous map is denoted by f . Suppose there is a compatible cover U of
X , and a collection of open subsets U′ of X ′ satisfying (2.1.1a − c) and the following
condition: There is a 1:1 correspondence between elements of U and U′, say U ↔ U ′,
such that f(U) ⊂ U ′, and an inclusion U2 ⊂ U1 implies an inclusion U
′
2 ⊂ U
′
1. Moreover,
there is a collection of local C∞ liftings {f˜UU ′} of f , where f˜UU ′ : (V,G, pi)→ (V
′, G′, pi′)
3We should also point out that an equivalent notion has been defined in [26], pp. 17 in the language
of groupoids; they are referred to as strong maps.
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satisfies the following condition: each injection i : (V2, G2, pi2) → (V1, G1, pi1) is assigned
an injection λ(i) : (V ′2 , G
′
2, pi
′
2) → (V
′
1 , G
′
1, pi
′
1) such that f˜U1U ′1 ◦ i = λ(i) ◦ f˜U2U ′2 , and for
any composition of injections j ◦ i, the following compatibility condition holds:
(2.2.1) λ(j ◦ i) = λ(j) ◦ λ(i).
We call {f˜UU ′, λ} a compatible system for f˜ .
Given a compatible system ξ, one can construct a pull-back orbifold vector bundle in
the following sense. Suppose that E → Y is an orbifold vector bundle. By the definition,
E can be viewed as a collection of local orbifold vector bundles satisfying (2.1.2), (2.1.3).
One can pull back the local orbifold bundles. The conditions of a compatible system
ensures that one can glue them together to form a global orbifold bundle denoted by f ∗ξE.
It is clear that there is a bundle map f¯ : f ∗ξE → E covering f .
Definition 2.8. Two compatible systems ξi for i = 1, 2, of a C
∞ map f˜ : X → X ′
are isomorphic if for any orbifold vector bundle E over X ′ there is an isomorphism ψ
between the corresponding pull-back bundles f ∗ξE
∗
i with f¯i : f
∗
ξE
∗
i → E, i = 1, 2, such
that f¯1 = f¯2 ◦ ψ.
We often drop ξ from the definition without any confusion.
Definition 2.9. An orbifold morphism f is an orbifold map together with an isomor-
phism class of compatible systems.
Later we will see that orbifold morphisms are compatible with respect to products in
K-theory, making them especially significant.
3. Equivariant Cohomology and Orbifolds
In this paper, we only consider quotient orbifolds X =M/G. We will consider actions
of both compact and discrete groups. Throughout the paper, we will use G to denote
a compact Lie group and Γ to denote a discrete group. By the previous discussion, a
reduced orbifold is a quotient orbifold through the frame bundle construction. Hence,
our results work for a rather general class of orbifolds. It is clear that one can study
them using equivariant techniques. We begin by considering the equivariant cohomology
of M . Recall that the Borel construction associated to the G–action on M is the orbit
space M ×G EG = (M × EG)/G, where G is the universal G–space. The G–equivariant
cohomology of M is by definition the cohomology of the associated Borel construction.
We begin by computing this equivariant cohomology under certain assumptions on the
isotropy subgroups.
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Theorem 3.1. Suppose that X = M/G be a quotient orbifold. If R is a ring such that
|Gx| is invertible in R for each x ∈ X, then there is an algebra isomorphism H
∗
G(M,R)
∼=
H∗(X,R).
Proof. The proof is a straightforward application of the Leray spectral sequence of the
map φ : M ×G EG → M/G = X , noting that the fibers are spaces of the form BGx,
which have trivial reduced cohomology with R–coefficients.
Consider now the so-called classifying map p :M ×G EG→ BG induced by projection
onto the second factor; here BG = EG/G denotes the classifying space of G. Assuming
that R is a ring where all the |Gx| are invertible, we obtain an algebra homomorphism
q = (φ∗)−1p∗ : H∗(BG,R) → H∗(X,R). We now use this to define characteristic classes
for the orbifold X .
Definition 3.2. Let X = PX/O(n) be a reduced orbifold such that all its local trans-
formation groups are of odd order. The i–th Stiefel–Whitney class wi(X) ∈ H
i(X,Z/2)
is defined as wi(X) = q(wi), where w1, . . . , wn ∈ H
∗(BO(n),Z/2) are the usual universal
Stiefel–Whitney classes.
Similarly we can define Chern classes as follows
Definition 3.3. Let X = PX/U(n) be a reduced complex orbifold. Let R denote a ring
where all the orders of the local transformation groups are invertible. The i–th Chern
class ci(X) ∈ H
2i(X,R) is defined as ci(X) = q(ci), where c1, . . . , cn ∈ H
∗(BU(n), R) are
the usual universal Chern classes and q is the analogue of the map previously defined.
An appropriate ring R can be constructed from the integers by inverting the least
common multiple of the orders of all the local transformation groups; the rational numbers
Q are of course also a suitable choice.
More generally what we see is that with integral coefficients, the equivariant cohomol-
ogy of M will have interesting torsion classes. Unfortunately, integral computations are
notoriously difficult, especially when finite group cohomology is involved. The mod p
equivariant cohomology of the frame bundleM will contain interesting information about
the action; in particular its Krull Dimension will be equal to the maximal p–rank of the
isotropy subgroups (see [31]). However for our geometric applications it is convenient
to use an equivariant cohomology theory which has substantial torsion–free information.
That is where K-theory naturally comes in, as instead of cohomology the basic object is
a representation ring.
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Less well known than ordinary equivariant cohomology is the Bredon cohomology asso-
ciated to a group action. It is in fact the most adequate equivariant cohomology theory
available. We briefly sketch its definition for the case of compact Lie groups (we refer to
[9], [24], [16] and [18], appendix).
Let Or(G) denote the homotopy category whose objects are orbits G/H , H ⊂ G and
where MorOr(G)(G/H,G/K) is the set of G–homotopy classes of G maps between these
orbits. A coefficient system for Bredon cohomology is a functor F : Or(G)op → Ab. Now
for any G–CW complex M , define CG∗ (M) : Or(G) → Ab∗ by setting C
G
∗ (M)(G/H) =
C∗(M
H/WH0). Here C∗(−) denotes the cellular chain complex and WH0 is the iden-
tity component of NH/H . We now define C∗G(M ;F ) = HomOr(G)(C
G
∗ (M), F ) and
H∗G(M ;F ) = H(C
∗
G(M ;F )). One can see that in fact for each n ≥ 0, C
n
G(M ;F ) is the di-
rect product, taken over all orbits G/H×Dn of n–cells in M , of the groups F (G/H). We
have that C∗G(M ;F ) = HomOr(G)(C
G
∗ (M), F ); indeed this is determined on Or(G,M),
the full subcategory containing all orbit types in M . Note that from its definition there
will be a spectral sequence (see [16])
E2 = Ext
∗
Or(G)(H∗(M), F )⇒ H
∗
G(M ;F )
where H∗(M)(G/H) = H∗(M
H/WH0,Z).
In our applications we will assume that the isotropy is all finite. Our basic example
will involve the complex representation ring functor R(−); i.e. G/H 7→ R(H). In this
case the fact that R(H) is a ring implies that Bredon cohomology will have a natural ring
structure (constructed using the diagonal).
We will be interested in using the rationalized functor RQ = R(−) ⊗ Q. For G finite,
it was shown in [32] that RQ is an injective functor; similarly for Γ a discrete group and
for proper actions with finite isotropy it was shown in [24] that RQ is injective. This
result will also hold for G–CW complexes with finite isotropy, where G is a compact Lie
group. This follows by adapting the methods in [34] and described in [16]. The key
technical ingredient is the surjectivity of RQ(H) → limK∈Fp(H) RQ(K) where H is any
finite subgroup of G and Fp(H) denotes the family of all proper subgroups in H . Hence
we have the following basic isomorphism: H∗G(M,RQ)
∼= HomOr(G)(H∗(M), RQ). As we
shall see, in the case of a quotient orbifold M/G, its orbifold cohomology is additively
isomorphic to H∗G(M,R(−)⊗ R).
Suppose that X = M/G is a quotient orbifold. Using equivariant K-theory we will
show that the Bredon cohomology H∗G(M,RQ) is independent of the presentation M/G
and canonically associated with the orbifold X itself. A direct proof with more general
coefficients would be of some interest. In the case of a reduced orbifold, we can canonically
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associate to it the Bredon cohomology of its frame bundle; motivated by this we introduce
the following
Definition 3.4. Let X be a reduced orbifold; we define its orbifold Bredon cohomology
with RQ–coefficients as H
∗
orb(X,RQ) = H
∗
O(n)(PX , RQ).
Remark 3.5. The approach in [26] and [27] using groupoids and their classifying spaces is
also an important and basic point of view in studying orbifolds. From our perspective, if G
is the groupoid associated to the quotient orbifoldX =M/G, then in factBG ≃ M×GEG,
where BG denotes the classifying space of the groupoid G. Hence the ‘cohomology of the
orbifold’ can be identified with the usual equivariant cohomology, and the Leray spectral
sequence of the projection onto X = M/G gives rise to the basic calculational device
for its computation. In fact the E2 term of this spectral sequence can be identified
with the Bredon cohomology of the G–space M with coefficients in the graded functors
G/H 7→ H∗(H,Z), the ordinary group cohomology. Note that if X is an orbifold which
can be presented as a quotient in two different ways, say X ∼= M/G ∼= M ′/G′, then
we have homotopy equivalences BG ≃ M ×G EG ≃ M
′ ×G′ EG
′, hence the equivariant
cohomology is an intrinsic invariant of a quotient orbifold. Similarly one can define the
orbifold fundamental group, denoted piorb1 (X) as pi1(BG); for a quotient orbifold X =M/G
it will be isomorphic to pi1(M×GEG). We emphasize that the ‘cohomology of the orbifold
X ’ is very different from the ‘orbifold cohomology of X ’. Indeed as we shall see the latter
is actually additively isomorphic to the orbifold Bredon cohomology defined above.
4. Orbifold Bundles and Equivariant K-Theory
We will recall (see [36]) an invariant constructed from orbifold vector bundles, as defined
in §2.
Definition 4.1. Given a compact orbifold X we define Korb(X) to be the Grothendieck
group of isomorphism classes of orbifold vector bundles on X .
Recall that an orbifold morphism f : X → Y is an orbifold map together with an
isomorphism class of compatible system. From the definition, one can verify that orbifold
bundles over Y pull back to orbifold bundles over X under an orbifold morphism. In fact
one can establish the
Proposition 4.2. Suppose that (f, ξ) : X → Y is an orbifold morphism. Then, it induces
a ring homomorphism f ∗ξ : Korb(Y )→ Korb(X).
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An important example of an orbifold morphism is the projection map p : M → M/G,
where G is a compact Lie group acting almost freely on a manifold M . Therefore, if E
is an orbifold vector bundle over M/G, p∗E is a smooth vector bundle over M . It is
obvious that p∗E is G-equivariant. Conversely, if F is a G-equivariant bundle over M ,
F/G→M/G is an orbifold vector bundle over X =M/G. Therefore, we have a canonical
identification between Korb(X) and KG(M).
Proposition 4.3. Let X = M/G be a quotient orbifold. Then the projection map p :
M → X induces an isomorphism p∗ : Korb(X)→ KG(M).
In particular, if X is a reduced orbifold, we can identify its orbifold K-theory with the
equivariant K-theory of its frame bundle.4 Based on the above we can now introduce an
alternative definition of orbifold K-theory for quotient orbifolds.
Definition 4.4. Let X = M/G denote a compact quotient orbifold, then we define its
orbifold K-theory as K∗orb(X) = K
∗
G(M).
Note that by Bott periodicity, this invariant is Z/2–graded. It is of course possible to
extend the original definition of orbifold K-theory in the usual way; indeed if X is an
orbifold, then X × Sn is also an orbifold and moreover the inclusion i : X → X × Sn is
an orbifold morphism. Let i∗n : Korb(X × S
n) → Korb(X); then we can define K
−n
orb(X) =
ker i∗n. However the canonical identification outlined above shows that for a quotient
orbifold this extension must agree with the usual extension for equivariant complex K-
theory to a Z/2–graded theory. Given this, we have chosen to define orbifold K-theory by
using equivariant K-theory, as it will enable us to make some meaningful computations.
Note that if an orbifold X is presented in two different ways as a quotient orbifold,
say M/G ∼= X ∼= M ′/G′, then we have shown that K∗orb(X)
∼= K∗G(M)
∼= K∗G′(M
′).
Another point to make is that the homomorphism G → Geff will induce a ring map
K∗orb(Xred)→ K
∗
orb(X).
We also introduce the (K-theoretic) orbifold Euler characteristic 5
Definition 4.5. The orbifold Euler characteristic of X is
χorb(X) = dimQ K
0
orb(X)⊗Q − dimQ K
1
orb(X)⊗Q
It remains to show that these invariants are tractable or even well–defined.
4This has also been proposed by J.Morava [28] and it also appears implicitly in [36]
5This definition extends the string-theoretic orbifold Euler characteristic which has been defined for
global quotients.
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Proposition 4.6. If X = M/G is a compact quotient orbifold for a compact Lie group
G, then K∗orb(X) is a finitely generated abelian group, and the orbifold Euler characteristic
is well-defined.
Proof. We know that M is a finite, almost free G–CW complex. It follows from [33] that
there is a spectral sequence converging toKorb(X) = KG(M), with E
p,q
1 –term equal to zero
if q is odd and equal to
⊕
σ∈X(p) R(Gσ) where X
(p) denotes the collection of p–dimensional
cells in X and R(Gσ) denotes the complex representation ring of the stabilizer of σ in
M . In fact the E2 term is simply the homology of a chain complex assembled from these
terms. By our hypotheses, each Gσ is finite, and there are finitely many such cells, hence
each term is finitely generated as an abelian group and there are only finitely many of
them. We conclude that E1 satisfies the required finiteness conditions, and so must its
subquotient E∞, whence the same holds for K
∗
orb(X) = K
∗
G(M).
Corollary 4.7.
χorb(X) =
∑
σ∈X
(−1)dim σrank R(Gσ)
where the σ range over all cells in X, with corresponding isotropy subgroup Gσ.
The spectral sequence used above is in fact the equivariant analogue of the Atiyah–
Hirzebruch spectral sequence. We have described the E1–term as a chain complex as-
sembled from the complex representation rings of the isotropy subgroups. The E2–term
coincides with the equivariant Bredon cohomology of M with coefficients in the represen-
tation ring functor, denoted H∗G(M,R(−)). We shall see later that in fact this spectral
sequence collapses rationally at the E2–term (see [24], page 28). As a consequence of this
we have that H∗orb(X), K
∗
orb(X)⊗ R and H
∗
G(M,R(−)⊗ R) are all additively isomorphic
and in fact the last two invariants have the same ring structure (provided we take the
Z/2–graded version of Bredon cohomology).
Computations for equivariant K-theory can be quite complicated. Our approach will
be to study the case of global quotients arising from actions of finite and more generally
discrete groups. The key computational tool will be an equivariant Chern character,
which we will define for almost free actions of compact Lie groups. This will be used to
establish the additive rational equivalences outlined above. However it should be noted
that Korb(X) can contain important torsion classes and its rationalization is a rather
crude approximation.
Let us review the special case of a global quotient, where the K-theoretic invariant
above is more familiar.
TWISTED ORBIFOLD K-THEORY 14
Example 4.8. Let G denote a finite group acting on a manifold Y so that X = Y/G is an
orbifold (a global quotient). In this case we know that there is an isomorphism Korb(X) ∼=
KG(Y ). When tensored with the rationals this equivariant K-theory decomposes as a
direct sum and we obtain the well–known formula
K∗orb(X)⊗Q ∼=
⊕
{(g) | g∈G}
K∗(Y 〈g〉/ZG(g))⊗Q
where (g) is the conjugacy class of g ∈ G and ZG(g) denotes the centralizer of g in G.
Note that this decomposition appears in [3] but it can be traced back (independently) to
[34], [35] and [23].
One of the key elements in the theory of orbifolds is the orbifold resolution of the
singular set. For the case of a global quotient X = Y/G, it can be shown (see [12]) that
we have a homeomorphism
Σ˜X ∼=
⊔
{(g) | g 6=1}
Y 〈g〉/ZG(g)
whence in fact we see that K∗orb(X)
∼=Q K
∗(Σ˜X ⊔X). The conjugacy classes are used to
index the so-called ‘twisted sectors’ arising in this decomposition. We will use this as a
model for our result in the following section.
5. A Decomposition for Orbifold K-theory
We will now prove a decomposition for orbifold K-theory using the methods developed
by Lu¨ck and Oliver in [24]. The basic technical result we will use is the construction of an
equivariant Chern character. Cohomology will be assumed Z/2–graded in the usual way.
Theorem 5.1. Let X =M/G be a compact, quotient orbifold where G is a compact Lie
group. Then there is an equivariant Chern character which defines a rational isomorphism
of rings
K∗orb(X)
∼=Q
∏
{(C) | C⊂G cyclic}
[H∗(MC/ZG(C))⊗Q(ζ|C|)]
WG(C)
where (C) ranges over conjugacy classes of cyclic subgroups and WG(C) = NG(C)/ZG(C),
a necessarily finite group.
Proof. As has been remarked, we can assume that M is a finite, almost free G–CW
complex. Now, as in [24] and [3], the main idea of the proof is to construct a natural
Chern character for any G–space as above, and then prove that it induces an isomorphism
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for orbits of the form G/H , where H ⊂ G is finite. Using induction on the number of
orbit types and a Mayer–Vietoris sequence will complete the proof.
To begin we recall the existence (see [24], Prop. 3.4) of a ring homomorphism
ψ : K∗NG(C)(M
C)→ K∗ZG(C)(M
C)⊗ R(C);
in this much more elementary setting it can be defined by its value on vector bundles,
namely
ψ([E]) =
∑
V ∈ Irr(C)
[HomC(V,E)]⊗ [V ]
for any NG(C)–vector bundle E → M
C . We make use of the natural maps
K∗ZG(C)(M
C)⊗ R(C)→ K∗ZG(C)(EG×M
C)⊗ R(C)→ K∗(EG×ZG(C) M
C)⊗ R(C)
as well as the Chern map
K∗(EG×ZG(C)M
C)⊗R(C) → H∗(EG×ZG(C)M
C ;Q)⊗R(C) ∼= H∗(MC/ZG(C);Q)⊗R(C)
Note that the isomorphism above is due to the crucial fact that all the fibers of the
projection map EG×ZG(C)M
C →MC/ZG(C) are rationally acyclic, as they are classifying
spaces of finite groups. Finally we make use of the ring map R(C) ⊗ Q → Q(ζ|C|), with
kernel the ideal of elements whose characters vanish on all generators of C. Putting all
of this together, and using the restriction map, we obtain a natural ring homomorphism
K∗G(M)⊗Q→ H
∗(MC/ZG(C),Q(ζ|C|))
NG(C)/ZG(C).
Here we have taken invariants on the right hand side, as the image naturally lands there.
Verification of the isomorphism on G/H is an elementary consequence of the isomorphism
K∗G(G/H)
∼= R(H) and details are left to the reader.
Corollary 5.2. Let X = M/G be a compact quotient orbifold; then there is an additive
decomposition
K∗orb(X)⊗Q = K
∗
G(M)⊗Q ∼=
⊕
{(u) | u∈G}
K∗(M 〈u〉/ZG(u))⊗Q
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Note that the (finite) indexing set will consist of the G–conjugacy classes of elements
in the isotropy subgroups–all of finite order. These should be considered analogues of the
‘twisted sectors’ which arise in the case of global quotients.
Our immediate goal is to relate this decomposition to specific information about the
orbifold X .
Theorem 5.3. Let X =M/G denote a compact quotient orbifold; then there is a home-
omorphism ⊔
{(a) | a∈G}
M 〈a〉/ZG(a) ∼= Σ˜X ⊔X
and in particular K∗orb(X)
∼=Q K
∗(Σ˜X ⊔X).
Proof. We begin by considering the situation locally. Suppose that we have a chart in M
of the form V ×H G, mapping onto V/H in X , where we assume H ⊂ G is a finite group.
Then
(V ×H G)
〈a〉 = {H(x, u) | H(x, ua) = H(x, u)} = {H(x, u) | uau−1 = h ∈ H, x ∈ V 〈h〉}
Let us now define an H action on
⊔
t∈H(V
〈t〉, t) by k(x, t) = (kx, ktk−1). We define a
map
φ : (V ×H G)
〈a〉 →
⊔
t∈H
(V 〈t〉, t)/H
by φ(H(x, u)) = [x, uau−1]. We check that this is well–defined; indeed ifH(x, u) = H(y, v)
then there exists a k ∈ H with (y, v) = k(x, u), so y = kx, v = ku. This means that
vav−1 = kuau−1k−1 and so [y, vav−1] = [kx, kuau−1k−1] = [x, uau−1] as k ∈ H . Now
suppose that z ∈ ZG(a); then φ(H(x, u)z) = φ(H(x, uz)) = [x, uzaz
−1u−1] = [x, uau−1] =
φ(H(x, u)); hence we have a well-defined map on the orbit space
φ : (V ×H G)
〈a〉/ZG(a)→
⊔
t∈H
(V 〈t〉, t)/H.
This map turns out to be injective, indeed if (x, uau−1) = k(y, vav−1) for some k ∈ H ,
then x = ky and a = u−1kvav−1k−1u, hence u−1kv ∈ ZG(a) and H(x, u)(u
−1kv) =
H(x, kv) = H(ky, kv) = H(y, v). The image of φ consists of the H–equivalence classes of
pairs (x, t) where x ∈ V 〈t〉 and t is conjugate to a in G.
Putting this together and noting that (V ×H G)
〈a〉 = ∅ unless a is conjugate to an
element in H , we observe that we obtain a homeomorphism
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⊔
{(a) | a∈G}
(V ×H G)
〈a〉/ZG(a) ∼=
⊔
t∈H
(V 〈t〉, t)/H ∼=
⊔
{(t) | t∈H}
V 〈t〉/ZH(t).
To complete the proof of the theorem it suffices to observe that by the compatibility
of charts, the local homeomorphisms on fixed-point sets can be assembled to yield the
desired global homeomorphism on M .
Remark 5.4. The result above in fact shows that for a compact quotient orbifold X =
M/G, the orbifold resolution Σ˜X is isomorphic as an orbifold to
⊔
{(a) | a∈G}M
〈a〉/ZG(a).
Corollary 5.5. Up to regrading there is an additive isomorphism between the orbifold
cohomology of X and the rationalized orbifold K-theory of X.
Proof. Indeed we recall that in [12], the orbifold cohomology H∗orb(X,Q) is defined to be
additively isomorphic to H∗(Σ˜X ⊔X,Q). Hence via the Chern character map we get the
isomorphism above.
Corollary 5.6. χorb(X) = χ(X ⊔ Σ˜X)
Example 5.7. We will now consider the case of a weighted projective space CP (p, q)
where p and q are assumed to be distinct prime numbers. Let S1 act on the unit sphere
in C2 via (v, w) 7→ (zpv, zqw). The space CP (p, q) is the quotient under this action, and
it has two singular points. x = [1, 0] and y = [0, 1]. In this case the Lie group used to
present the orbifold is SO(2) = S1 and the corresponding isotropy subgroups are precisely
Z/q and Z/p. Their fixed point sets are disjoint circles in S3, hence the formula for the
orbifold K-theory yields
K∗orb(CP (p, q)) ∼=Q Q(ζp)×Q(ζq)× Λ(b2)
where ζp, ζq are the corresponding primitive roots of unity (compare with Corollary 2.7.6
in [2]). More explicitly we have an isomorphism
K∗orb(X)⊗Q ∼= Q[x]/(x
p−1 + xp−2 + · · ·+ x+ 1)(xq−1 + xq−2 + . . . x+ 1)(x2),
from which we see that the orbifold Euler characteristic is given by χorb(CP (p, q)) = p+q.
Remark 5.8. The decomposition described above is based on entirely analogous results
for proper actions of discrete groups (see [24]). In particular this includes the case of
arithmetic orbifolds, also discussed in [1] and [20]. Let G(R) denote a semisimple Q–group,
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andK a maximal compact subgroup. Let Γ ⊂ G(Q) denote an arithmetic subgroup. Then
Γ acts on X = G(R)/K, a space diffeomorphic to Euclidean space. Moreover if H is any
finite subgroup of Γ, then XH is a totally geodesic submanifold, hence also diffeomorphic
to Euclidean space. We can make use of the Borel-Serre completion X (see [8]). This is a
contractible space with a proper Γ–action such that the X
H
are also contractible (we are
indebted to A.Borel and G. Prasad for outlining a proof of this [7]) but having a compact
orbit space Γ\X . In this case we obtain the multiplicative formula
K∗Γ(X)⊗Q ∼= K
∗
Γ(X)⊗Q ∼=
∏
{(C) | C⊂Γ cyclic}
H∗(BZΓ(C),Q(ζ|C|))
NΓ(C).
This allows us to express the orbifold Euler characteristic of Γ\X in terms of group
cohomology:
χorb(Γ\X) =
∑
{(γ) | γ∈Γ of finite order}
χ(BZΓ(γ)).
Example 5.9. Another example of some interest is that of compact, two–dimensional
hyperbolic orbifolds. They are described as quotients of the form Γ\PSL2(R)/SO(2),
where Γ is a Fuchsian subgroup. The groups Γ can be expressed as extensions of the form
1→ Γ′ → Γ→ G→ 1
where Γ′ is the fundamental group of a closed orientable Riemann surface, and G is a
finite group (i.e. they are virtual surface groups). Geometrically we have an action of G
on a surface Σ with fundamental group Γ′; this action has isolated singular points, with
cyclic isotropy. The group Γ is pi1(EG ×G Σ), the fundamental group of the associated
Borel construction. Assume that G acts on Σ with n orbits, having respective isotropy
groups Z/v1, . . . ,Z/vn and with quotient a surface W of genus equal to g. The formula
then yields (compare with the description in [25], pg. 563)
K∗orb(W )⊗Q ∼= R˜(Z/v1)⊗Q× · · · × R˜(Z/vn)⊗Q×K
∗(W )⊗Q
In this expression R˜ denotes the reduced representation ring, which arises because the
trivial cyclic subgroup only appears once. From this we see that
dimQ K
0
orb(W )⊗Q =
n∑
i=1
(vi − 1) + 2, dimQ K
1
orb(W )⊗Q = 2g.
and so we have that χorb(W ) =
∑n
i=1(vi − 1) + χ(W ).
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Remark 5.10. It has been brought to our attention that the decomposition formula is
analogous to a decomposition of equivariant algebraic K-theory which appears in work of
Vezzosi–Vistoli [39] and B.Toen (see [37], page 29) in the context of algebraic Deligne–
Mumford stacks. A detailed comparison would seem worthwhile.
Remark 5.11. It should also be observed that the decomposition above could equally
well have been stated in terms of the computation of Bredon cohomology mentioned
previously, namely H∗G(M,RQ)
∼= HomOr(G)(H∗(M), RQ) and the collapse at E2 of the
rationalized Atiyah–Hirzebruch spectral sequence: K∗orb(X) ⊗ Q
∼= H∗G(M,RQ). It had
been shown previously that a Chern character with expected naturality properties induc-
ing such an isomorphism cannot exist; in particular [16] contains an example where such
an isomorphism is impossible. However the example is for a circle action with stationary
points, our result 6 shows that almost free actions of compact Lie groups do indeed give
rise to appropriate equivariant Chern characters. A different equivariant Chern character
for abelian Lie group actions was defined in [5], using a Z/2–indexed de Rham coho-
mology (called delocalized equivariant cohomology). Presumably it must agree with our
decomposition in the case of almost free actions. E.Getzler has pointed out an alternative
approach involving cyclic cohomology (see [6]).
Remark 5.12. IfX =M/G is a quotient orbifold, then the K-theory ofM×GEG and the
orbifold K-theory are related by the Atiyah–Segal Completion Theorem in [4]. Considering
the equivariant K-theory K∗G(M) as a module over R(G), it states that K
∗(M ×GEG) ∼=
K∗G(M) ,̂ where the completion is taken at the augmentation ideal I ⊂ R(G).
6. Projective Representations, Twisted Group Algebras and Extensions
We will now extend many of the constructions and concepts used previously to an
appropriately twisted setting. This twisting occurs naturally in the framework of mathe-
matical physics and leads to an interesting notion of ‘totally twisted’ equivariant notions.
In this section we will always assume that we are dealing with finite groups, unless stated
otherwise. Most of the background results which we list appear in [21], Chapter III.
Definition 6.1. let V denote a finite dimensional complex vector space. A mapping
ρ : G → GL(V ) is called a projective representation of G if there exists a function
α : G×G→ C∗ such that ρ(x)ρ(y) = α(x, y)ρ(xy) for all x, y ∈ G and ρ(1) = IdV .
6I. Moerdijk has informed us that in unpublished work (1996), he and J.Svensson obtained essentially
the same Chern character construction as that appearing in this paper.
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Note that α defines a C∗–valued cocycle onG, i.e. α ∈ Z2(G,C∗). Also there is a one-to-
one correspondence between projective representations of G as above and homomorphisms
from G to PGL(V ). We will be interested in the notion of linear equivalence of projective
representations.
Definition 6.2. Two projective representations ρ1 : G→ GL(V1) and ρ2 : G → GL(V2)
are said to be linearly equivalent if there exists a vector space isomorphism f : V1 → V2
such that ρ2(g) = fρ1(g)f
−1 for all g ∈ G.
If α is the cocycle attached to ρ, we say that ρ is an α–representation on the space V .
We list a couple of basic results
Lemma 6.3. Let ρi, i = 1, 2 be an αi–representation on the space Vi. If ρ1 is linearly
equivalent ρ2, then α1 is equal to α2.
It is easy to see that given a fixed cocycle α, we can take the direct sum of any two
α–representations. Hence we can introduce
Definition 6.4. We define Mα(G) as the monoid of linear isomorphism classes of α–
representations of G. Its associated Grothendieck group will be denoted Rα(G).
In order to use these constructions we need to introduce the notion of a twisted group
algebra. If α : G × G → C∗ is a cocycle, we denote by CαG the vector space over C
with basis {g |g ∈ G} with product x · y = α(x, y)xy extended distributively. One can
check that CαG is a C–algebra with 1 as the identity element. This algebra is called
the α–twisted group algebra of G over C. Note that if α(x, y) = 1 for all x, y ∈ G, then
CαG = CG.
Definition 6.5. If α and β are cocycles, then CαG and CβG are equivalent if there
exists a C algebra isomorphism ψ : CαG → CβG and a mapping t : G → C∗ such that
ψ(g) = t(g)g˜ for all g ∈ G, where {g} and {g˜} are bases for the two twisted algebras.
We have a basic result which classifies twisted group algebras.
Theorem 6.6. We have an isomorphism between twisted group algebras, CαG ≃ CβG,
if and only if α is cohomologous to β; hence if α is a coboundary, CαG ≃ CG. Indeed,
α 7→ CαG induces a bijective correspondence between H2(G,C∗) and the set of equivalence
classes of twisted group algebras of G over C.
Next we recall how these twisted algebras play a role in determining Rα(G).
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Theorem 6.7. There is a bijective correspondence between α–representations of G and
CαG–modules. This correspondence preserves sums and bijectively maps linearly equiv-
alent (respectively irreducible, completely reducible) representations into isomorphic (re-
spectively irreducible, completely reducible) modules.
Definition 6.8. Let α ∈ Z2(G,C∗). An element g ∈ G is said to be α–regular if α(g, x) =
α(x, g) for all x ∈ ZG(g).
Note that the identity element is α–regular for all α. Also one can see that g is α–regular
if and only if g · x = x · g for all x ∈ ZG(g).
If an element g ∈ G is α–regular, then any conjugate of g is also α–regular, hence we
can speak of α–regular conjugacy classes in G. For technical purposes we also want to
introduce the notion of a ‘standard’ cocyle; it will be a cocycle α with values in C∗ such
that (1) α(x, x−1) = 1 for all x ∈ G and (2) α(x, g)α(xg, x−1) = 1 for all α–regular g ∈ G
and all x ∈ G. Expressed otherwise, this simply means that α is standard if and only if for
all x ∈ G and for all α–regular elements g ∈ G, we have x−1 = x−1 and x g x−1 = xgx−1.
It can be shown that in fact any cohomology class c ∈ H2(G,C∗) can be represented by
a standard cocycle, hence we will make this assumption from now on.
The next result is basic:
Theorem 6.9. If rα is equal to the number of non–isomorphic irreducible CαG–modules,
then this number is equal to the number of distinct α–regular conjugacy classes of G. In
particular Rα(G) is a free abelian group of rank equal to rα.
In what follows we will be using cohomology classes in H2(G, S1), where the G–
action on the coefficients is assumed to be trivial. Note that H2(G, S1) ∼= H2(G,C∗) ∼=
H2(G,Q/Z) ∼= H3(G,Z). We will always use standard cocycles to represent any given
cohomology class.
An element α ∈ H2(G, S1) corresponds to an equivalence class of group extensions
1→ S1 → G˜α → G→ 1
The group G˜α can be given the structure of a compact Lie group, where S1 → G˜α is the
inclusion of a closed subgroup. The elements in the extension group can be represented
by pairs {(g, a) | g ∈ G, a ∈ S1} with the product (g1, a1)(g2, a2) = (g1g2, α(g1, g2)a1a2).
Consider the case when z ∈ ZG(g); then we can compute the following commutator of
lifts:
(z, 1)(g, 1)[(g, 1)(z, 1)]−1 = (zg, α(z, g))(z−1g−1, α(g, z)−1)
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= (1, α(zg, (zg)−1)α(z, g)α(g, z)) = (1, α(z, g)α(g, z)−1).
This computation is independent of the choice of lifts. It can be seen that this defines a
character Lαg for the centralizer ZG(g), via the correspondence z 7→ α(z, g)α(g, z)
−1. Note
that this character is trivial if and only if g is α–regular.
There is a 1-1 correspondence between isomorphism classes of representations of G˜α
which restrict to scalar multiplication on the central S1 and isomorphism classes of
α-representations of G. If ψ : G˜α → GL(V ) is such a representation then we de-
fine an associated α-representation via ρ(g) = ψ(g, 1). Note that ρ(gh) = ψ(gh, 1) =
α(g, h)−1ψ(gh, α(g, h)) = α(g, h)−1ψ((g, 1)(h, 1)) = α(g, h)−1ρ(g)ρ(h). Conversely, given
ρ : G→ GL(V ), we simply define ψ(g, a) = aρ(g); note that
ψ((g, a)(h, b)) = ψ(gh, α(g, h)ab) = abρ(g)ρ(h) = aρ(g)bρ(h) = ψ(g, a)ψ(h, b).
Hence we can identify Rα(G) as the subgroup of R(G˜α) generated by representations that
restrict to scalar multiplication on the central S1.
In the next section we will need an explicit understanding of the action of Z˜G(g)α
on Rres(α)(〈g〉), where res(α) is the restriction of the cocycle to the subgroup 〈g〉 (this
restriction is cohomologous to zero). It is easiest to describe using the formulation above.
Given a representation φ for 〈˜g〉α, an element (z, a) ∈ Z˜G(g)α, and (x, b) ∈ 〈˜g〉α, we define
(z, a)φ(x, b) = φ((z, a)(x, b)(z, a)−1). Notice that this value is precisely Lαx(z)φ(x, b); this
is independent of the choice of lifting and defines an action of ZG(g). For x, y ∈ 〈g〉 we have
Lαx(z)L
α
y (z) = L
α
xy(z), in particular if g
n = 1 we have [Lαg (z)]
n = 1. The correspondence
x 7→ Lαx(z) defines a character L
α(z) for 〈g〉, whence the action is best described as
sending an α-representation ρ to Lα(z)ρ. Note that the evaluation φ 7→ Tr(φ(g, 1))
defines a CZG(g)–homomorphism u : Rres(α)(〈g〉)⊗ C→ Lαg .
7. Twisted Equivariant K-theory
We are now ready to define a twisted version of equivariant K-theory for global quo-
tients. We assume as before that G is a finite group. Now suppose we are given a class
α ∈ H2(G, S1) and the compact Lie group extension which represents it, 1→ S1 → G˜α →
G→ 1. Now let X denote a finite G–CW complex.
Definition 7.1. An α–twisted G–vector bundle on X is a complex vector bundle E → X
such that S1 acts on the fibers through complex multiplication, so that the action extends
to an action of G˜α on E which covers the given G–action on X .
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In fact E → X is a G˜α–vector bundle, where the action on the base is via the projection
onto G and the given G–action. Note that if we divide out by the action of S1, we obtain a
projective bundle over X . These twisted bundles can be added, hence forming a monoid.
Definition 7.2. The α–twisted G–equivariant K-theory of X , denoted by αKG(X), is
defined as the Grothendieck group of isomorphism classes of α-twisted G-bundles over X .
As with α-representations, we can describe this twisted group as the subgroup of
KG˜α(X) generated by isomorphism classes of bundles that restrict to multiplication by
scalars on the central S1. As the S1–action on X is trivial, we have a natural isomorphism
KS1(X) ∼= K(X)⊗R(S1). Composing the restriction with the mapK(X)⊗R(S1)→ R(S1)
we obtain a homomorphismKG˜α(X)→ R(S
1); we can define αKG(X) as the inverse image
of the subgroup generated by the representations defined by scalar multiplication.
Just as in non–twisted equivariant K-theory, this definition extends to a Z/2–graded
theory. In fact we can define αK0G(X) =
α KG(X) and
αK1G(X) = ker [
αKG(S1 ×X)→α
KG(X)]. We can also extend the description given above to express
αK∗G(X) as a subgroup
of K∗
G˜α
(X).
We begin by considering the case α = 0; this corresponds to the split extension G×S1.
Any ordinary G–vector bundle can be made into a G×S1–bundle via scalar multiplication
on the fibers; conversely a G × S1–bundle restricts to an ordinary G–bundle. Hence we
readily see that αK∗G(X) = K
∗
G(X).
Now we consider the case when X is a trivial G–space.
Lemma 7.3. Let X denote a CW -complex with a trivial G–action; then there is a natural
isomorphism K(X)⊗ Rα(G)→
α KG(X).
Proof. This result is the analogue of the untwisted version (see [33], page 133). The natural
map R(G˜α) → KG˜α(X) can be combined with the map K(X) → KG˜α(X) (which gives
any vector bundle the trivial G–action) to yield a natural isomorphism K(X)⊗R(G˜α)→
KG˜α(X) which covers the restriction to the S
1–action; the result follows from looking at
inverse images of the subgroup generated by the scalar representation.
The inverse of the map above is given by
[E] 7→
⊕
{[M ]∈Irr(G˜α)}
[HomG˜α(M,E)]⊗ [M ].
Note that only the M which restrict to scalar multiplication on S1 are relevant–these are
precisely the irreducible α–representations.
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Let X be a G–space and Y a G′–space, and let h:G → G′ denote a group homomor-
phism. If f : X → Y is a continuous map equivariant with respect to this homomorphism
we obtain a map αf ∗ :α KG′(Y ) →
h∗(α) KG(X), where h
∗ : H2(G′, S1) → H2(G, S1) is
the map induced by h in cohomology. Let H ⊂ G be a subgroup; the inclusion defines
a restriction map H2(G, S1) → H2(H, S1). In fact if G˜α is the group extension defined
by α ∈ H2(G, S1); then resGH(α) defines the ‘restricted’ group extension over H , denoted
H˜res(α); we have a restriction map
αKG(X)→
res(α) KH(X).
Now consider the case of an orbit G/H ; then we have αKG(G/H) = RresG
H
(α)(H).
Indeed we can identify KG˜α(G/H) = KG˜α(G˜α/H˜α)
∼= R(H˜α), and by restricting to the
representations that induce scalar multiplication on S1 we obtain the result.
We are now ready to state a basic decomposition theorem for our twisted version of
equivariant K-theory
Theorem 7.4. Let G denote a finite group and X a finite G–CW complex. For any
α ∈ H2(G, S1) we have a decomposition
αK∗G(X)⊗ C ∼=
⊕
{(g) | g∈G}
(K∗(X〈g〉)⊗ Lαg )
ZG(g).
Proof. Fix the class α ∈ H2(G, S1); for any subgroup H ⊂ G, we can associate H 7→
Rres(α)(H). Note the special case when H = 〈g〉, a cyclic subgroup. As H
2(〈g〉, S1) = 0,
Rres(α)(〈g〉) is isomorphic to R(〈g〉).
Now consider E → X , an α–twisted bundle over X ; it restricts to an res(α)–twisted
bundle over X〈g〉. Recall that we have an isomorphism res(α)K∗〈g〉(X
〈g〉) ∼= K∗(X〈g〉) ⊗
Rres(α)(〈g〉). Let u : Rres(α)(〈g〉) → L
α
g denote the CZG(g)–map χ 7→ χ(g) described
previously, where the centralizer acts on the projective representations as described above.
Then the composition
αK∗G(X)⊗ C→
res(α) K∗〈g〉(X
〈g〉)⊗ C→ K∗(X〈g〉)⊗Rres(α)(〈g〉)⊗ C→ K
∗(X〈g〉)⊗ Lαg
has image lying in the invariants under the ZG(g)–action. Hence we can put these together
to yield a map
αK∗G(X)⊗ C→
⊕
(g)
(K∗(X〈g〉)⊗ Lαg )
ZG(g).
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One checks that this induces an isomorphism on orbits G/H ; the desired isomorphism
follows from using induction on the number ofG–cells inX and a Mayer-Vietoris argument
(as in [3]).
From the definition of twisted orbifold cohomology appearing in [30], we conclude
Corollary 7.5. After regrading there is an additive isomorphism between the α–twisted
orbifold cohomology of a global quotient M/G, and the α–twisted equivariant K-theory
αK∗G(M)⊗ C.
Note that in the case when X is a point, we are saying that Rα(G)⊗C has rank equal
to the number of conjugacy classes of elements in G such that the associated character
Lαg is trivial. This of course agrees with the number of α–regular conjugacy classes, as
indeed αKG(∗) = Rα(G).
The reader may have noticed that our twisted equivariant K-theory does not have a
product structure. Moreover it depends on a choice of a particular cohomology class in
H2(G, S1). Our next goal is to relate the different twisted versions by using a product
structure inherited from the additive structure of group extensions.
Suppose we are given α, β in H2(G, S1), represented by central extensions 1 → S1 →
G˜1 → G → 1 and 1 → S1 → G˜2 → G → 1. These give rise to a central extension of the
form
1→ S1 × S1 → G˜1 × G˜2 → G×G→ 1.
Now we make use of the diagonal embedding ∆ : G → G × G and the product map
µ : S1 × S1 → S1 to obtain a central extension
1→ µ(S1 × S1)→ G˜→ ∆(G)→ 1.
This operation corresponds to the sum of cohomology classes, i.e. the extension above
represents α + β. Note that ker µ = {(z, z−1)} ⊂ S1 × S1.
Now consider an α–twisted bundle E → X and a β–twisted bundle F → X . Consider
the tensor product bundle E ⊗ F → X . Clearly it will have a G˜1 × G˜2 action on it,
which we can restrict to the inverse image of ∆(G). Now note that ker µ acts trivially
on E ⊗F , hence we obtain a G˜ action on E⊗F , covering the G–action on X . This is an
α + β–twisted bundle over X . Hence we have defined a product
αKG(X)⊗
β KG(X)→
α+β KG(X)
which prompts us to introduce the following definition.
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Definition 7.6. The total twisted equivariant K-theory of a G–CW complex X is defined
as
TK∗G(X) =
⊕
α∈H2(G,S1)
αK∗G(X)
Using the product above, we deduce that TK∗G(X) is a bigraded algebra, as well as a
module over K∗G(X). Note that the indexing set is finite, and that in particular given any
homogeneous element a sufficiently high power of it will land in 0K∗G(X).
We obtain a purely algebraic construction from the above when X is a point. Namely
we obtain the total twisted representation ring of G, defined as
TR(G) =
⊕
α∈H2(G,S1)
Rα(G),
endowed with the graded algebra structure defined above. Note that if a cohomology class
is represented by a cocycle µ, then its negative is represented by µ−1. Hence we see that
ρ 7→ ρ∗ defines an isomorphism between Rα(G) and R−α(G). Indeed, using vector bundles
instead we can easily extend this to show that αKG(X) is isomorphic to
−αKG(X). We
now provide some examples to illustrate the properties of this construction.
Remark 7.7. It is apparent that the constructions introduced in this section can be
extended to the case of a proper action on X of a discrete group Γ. The group extensions
and vector bundles used for the finite group case have natural analogues, and so we can
define αK∗Γ(X) for α ∈ H
2(Γ, S1). We will make use of this in the next section.
Example 7.8. Consider the group G = Z/2 × Z/2; then H2(G, S1) = Z/2 (as can
be seen from the Kunneth formula). If a, b are generators for G, we have a projective
representation µ : G→ PGL2(C) given by
a 7→
(
0 1
−1 0
)
, b 7→
(
−1 0
0 1
)
Note that this gives rise to an extension G˜ → GL2(C). Restricted to Z/2 ⊂ S1, we get
an extension of the form 1 → Z/2 → D˜ → Z/2 × Z/2 → 1; however this is precisely
the embedding of the dihedral group in GL2(C). Hence the extension G˜ must also be
non–split, and so represents the non–trivial element α in H2(G, S1). One can easily verify
that there is only one conjugacy class of α regular elements in G, the trivial element. The
representation µ is clearly irreducible, hence up to isomorphism is the unique irreducible
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α–twisted representation of G. In particular, Rα(G) ∼= Z〈µ〉. Computing the different
products, we obtain
TR(G) = Z[x0, y0, µ1]/(x
2 = 1, y2 = 1, xµ = µ, yµ = µ, µ2 = 1 + x+ y + xy)
The ring is Z/2–graded, as we have indicated with the indices. It has total rank equal to
five. More generally, if M is any compact manifold with a G = Z/2 × Z/2–action, then
one can easily verify that χ(TK∗G(M)⊗ C) = 6 χ(M/G) − χ(M).
Example 7.9. Let G = Σn, the symmetric group on n symbols. Assume that n ≥ 4;
it is well–known that in this range H2(G, S1) = Z/2; denote the non–trivial class by α.
Using the decomposition formula, one can calculate (see [38]) αK∗Σn(M
n), where the group
acts on the n–fold product of a manifold M by permutation of coordinates (the quotient
orbifold is the symmetric product). From this one can recover a corrected version of a
formula which appears in [14] for twisted symmetric products. This correction was first
observed and corrected by W.Wang in [40]. This can be expressed as follows:
∑
qnχ(αK∗Σn(M
n)⊗ C) =∏
n>0
(1− q2n−1)−χ(M) +
∏
n>0
(1 + q2n−1)χ(M)[1 +
1
2
∏
n>0
(1 + q2n)χ(M) −
1
2
∏
n>0
(1− q2n)χ(M)]
8. Twisted Orbifold K-theory and Twisted Bredon Cohomology
In this section, we shift back to the orbifold point of view. In the case of twisted
orbifold cohomology, one can construct twisting using any inner local system [29]. We
do not know how to twist orbifold K-theory in such generality. Here, we have the more
limited goal of twisting orbifold K-theory using discrete torsion.
Recall that a discrete torsion α of an orbifoldX is defined as a class α ∈ H2(piorb1 (X), S
1).
Here, the orbifold fundamental group piorb1 (X) is the group of deck translations of the orb-
ifold universal cover of Y → X .
For example, if X = Z/G is a global quotient, the universal cover Y of Z is the orbifold
universal cover of X . In fact, if Z ×G EG is the Borel construction for Z, then we have
a fibration sequence Z → Z ×G EG → BG which gives rise to the group extension
1 → pi1(Z) → pi
orb
1 (X) → G → 1; here we are identifying pi
orb
1 (X) with pi1(Z ×G EG).
Note that a class α ∈ H2(G, S1) induces a class f ∗(α) in H2(piorb1 (X), S
1).
Now suppose that X = M/G is a quotient manifold for a compact Lie group G and
p : Y → X is the orbifold universal cover. Note that p is an orbifold morphism. The same
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argument used in pulling back orbifold bundles implies that we can pull back the orbifold
principal bundleM → X to obtain an orbifold principal G-bundle M˜ → Y . Furthermore,
M˜ is smooth and has a free left piorb1 (X)–action, as well as a right G–action. These can
be combined to yield a left pi = piorb1 (X)×G–action. Note that we have
K∗pi(M˜)
∼= K∗G(M˜/pi
orb
1 (X)) = K
∗
orb(X).
Consider a group pi of the form Γ×G, where Γ is a discrete group and G is a compact
Lie group. Now let Z denote a proper pi-complex such that the orbit space Z/pi is a
compact orbifold. We now fix a cohomology class α ∈ H2(Γ, S1), corresponding to a
central extension Γα. From this we obtain an extension p˜iα = Γ˜α ×G. We can define the
α–twisted pi–equivariant K-theory of Z, denoted αK∗pi(Z) in a manner analogous to what
we did before. Namely we consider p˜iα bundles covering the pi action on Z, such that the
central circle acts by scalar multiplication on the fibers. Based on this we can introduce7
Definition 8.1. Let X =M/G denote a compact quotient orbifold where G is a compact
Lie group, and let Y → X denote its orbifold universal cover, with deck transformation
group Γ = piorb1 (X). Given an element α ∈ H
2(piorb1 (X), S
1), we define the twisted orbifold
K-theory of X as αK∗orb(X) =
α K∗pi(M˜), where pi = pi
orb
1 (X)×G.
We can also define the total twisted orbifold K-theory of X as
TK∗orb(X) =
⊕
α∈H2(piorb1 (X), S
1)
αK∗orb(X).
This will also have a bigraded ring structure, and it will exhibit an isomorphism between
the α component and the −α component.
If Y , the orbifold universal cover of X , is actually a manifold, then X is said to be a
good orbifold (see [25]). The G action on M˜ is free, and in this case the α–twisted orbifold
cohomology will simply be αK∗
piorb1 (X)
(Y ). For the case of a global quotient X = Z/G and
a class α ∈ H2(G, S1) it is not hard to verify that in fact f∗(α)K∗orb(X) ∼=
α K∗G(Z), where
f : piorb1 (X)→ G is defined as before.
In the general case we note that pi = piorb1 (X) × G acts on M˜ with finite isotropy,
hence we can make use of ‘twisted Bredon cohomology’ and a twisted version of the usual
Atiyah–Hirzebruch spectral sequence. Fix α ∈ H2(piorb1 (X), S
1), where X is a compact
7Alternatively we could have used an equivariant version of orbifold bundles and introduced the twisting
geometrically. This works for general orbifolds but we will not elaborate on this here.
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orbifold. There is a spectral sequence of the form
E2 = H
∗
pi(M˜ ;Rα(−))⇒
α K∗orb(X)
The E1 term will be a chain complex built out of the twisted representation rings of the
stabilizers, all of which are finite. In many cases, this twisted Atiyah–Hirzebruch spectral
sequence will also collapse at E2 after tensoring with the complex numbers. We believe
that in fact this must always be the case. In particular we conjecture that if X denotes a
compact good orbifold, with orbifold universal cover the manifold Y , with Γ = piorb1 (X),
and α ∈ H2(Γ, S1), then we have an additive decomposition
αK∗Γ(X)⊗ C ∼=
⊕
(γ)
H∗(HomZΓ(γ)(C∗(Y
〈γ〉), Lγα))
∼= H∗orb(X,Lα)
where (γ) ranges over conjugacy classes of elements of finite order in Γ, C∗(−) denotes
the singular chains and Lγα is the character for ZΓ(γ) associated to the twisting.
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